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The simplest known proof of the Map Color Theorem for nonorientable surfaces
(obtained by Youngs, Ringel et al. and given in Ringel’s book ‘‘Map Color
Theorem’’) uses index one and three current graphs, and index two and three
inductive constructions. We give another proof, still using current graphs, but
simpler than Youngs’ and Ringel’s in several ways. Our proof uses only index one
current graphs and no inductive constructions. For every h58; h=9; 14; we
construct an index one current graph GðhÞ that yields a minimal nonorientable
embedding cðhÞ of Kh: The current graphs GðhÞ have the property that GðnÞ and
Gðnþ 1Þ are not too different from each other and share common ladder-like
fragments. As a result, the embeddings cðnÞ and cðnþ 1Þ have a large number of
common faces: it is shown that, as n approaches inﬁnity, for nc3; 9 mod 12 (resp.
n  3; 9mod 12Þ no less than 5/8 (resp. 5/16) of all faces of cðnÞ appear in cðnþ 1Þ:
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The chromatic number of a surface is the largest chromatic number of all
graphs embeddable in the surface. The map Color Theorem gives the
chromatic number of every surface different from the sphere. For
nonorientable surfaces this theorem was proved in 1954 by Ringel [8] in
terms of rotation schemes. In 1967, Youngs [10, 11] used current graphs to
prove the Map Color Theorem for nonorientable surfaces (MCTN) in a
much shorter and easier way. Since then some of the cases have been further
simpliﬁed by Landesman, Youngs [7] and Ringel; all the improvements have
been used in the proof of MCTN presented in [9].
It is known [9] that to prove MCTN it is sufﬁcient, for every n53; to
construct an embedding of Kn in the nonorientable surface of the Euler
characteristic 2 %gðKnÞ; where
%gðKnÞ ¼
ðn 3Þðn 4Þ
6
 
for n=7 and n53;221
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this embedding of Kn is called a minimal nonorientable embedding (MNE)
of Kn:
The problem of construction of MNE of Kn was solved in [9] in the
following way. Index one current graphs were used to deal with the cases
n  0; 3; 4; 5; 7; 8; 11 mod 12: The case n  9 mod 12 was solved by using
index three current graphs. Index two and three inductive constructions
were used to settle the cases n  1; 2; 6; 10 mod 12: Each of these construc-
tions furnished just one MNE of Kn: For completeness we mention that
families of minimal}both orientable and nonorientable}genus embed-
dings of Kn whose size grows exponentially in n have been constructed in [1]
(based on the ideas from [2]) for certain residue classes of n; and in [6] (see
also [5]) for many of the residue classes in the orientable case; a design-
theoretical approach for constructing MNEs of Kn is discussed in [3].
All the current graphs described in the original solution [9] are
aesthetically pleasing}nevertheless they differ from each other (when
residue classes mod 12 are considered) in geometry and index; in addition,
some inductive constructions have to be involved. This is the place where the
following two natural questions arise. Does one has to use such a variety of
technical means to construct MNE of complete graphs? Is there perhaps a
simpler proof of MCTN?
The constructions given in [9] are such that, in general, the solution for
Knþ1 has little (if anything at all) to do with the solution for Kn: Here, we
arrive at another question: Can one construct MNE of complete graphs
such that a large proportion of the faces of the MNE of Kn appear in the
MNE of Knþ1?
The aim of the paper is to give a more simple proof of MCTN using only
index one current graphs (not very different from each other by their
geometry) and avoiding inductive constructions.
For every n58; n=9; 14; we construct an index one current graph GðnÞ
(with the current group Zm) that yields an MNE cðnÞ of Kn: Formally, to
complete the proof of MCTN in terms of index one current graphs only, we
take the MNE of Kn for n58 and n ¼ 9; 14 from [9] and describe them in
terms of rotation schemes.
In this paper we present 12 constructions of index one current graphs,
depending on the residue class of nmod 12: Only one of these current graphs
(for n  8 mod 12Þ coincides with a current graph given in [9]. We would like
to emphasize our current graph for n  1 mod 12 which is much simpler
than the current graph constructed by Landesman and Youngs [7].
Our current graphs GðhÞ have the property that GðnÞ and Gðnþ 1Þ are not
too different from each other, sharing ladder-like fragments and many
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that, for sufﬁciently large n; in the course of the modiﬁcation almost
all of vertices GðnÞ remain ﬁxed. As a result, the MNE cðnÞ and
cðnþ 1Þ have a large number of common faces: it will be shown
that, as n approaches inﬁnity, for nc3; 9 mod 12 (resp. n  3; 9 mod 12Þ
no less than 5/8 (resp. 5/16) of all faces of cðnÞ appear in cðnþ 1Þ:
Accordingly, we can consider cðnþ 1Þ as a modiﬁcation of cðnÞ such that
many of the faces of cðnÞ (no less than 5/8 or 5/16 of them as n ! 1)
remain unchanged. These ﬁxed faces form certain surfaces with boundaries.
In the course of the modiﬁcation all the missing faces of cðnþ 1Þ are
‘‘glued’’ to these surfaces to yield cðnþ 1Þ: It is convenient to describe such
modiﬁcations in terms of current graphs (deletion of vertices and formation
of new vertices, adding new arcs of the current graph, etc.). In the present
paper these modiﬁcations are not considered in detail. Knowing what faces
are induced by the vertices of GðnÞ and Gðnþ 1Þ; the reader can easily
see in detail how cðnÞ; an MNE of Kn; can be modiﬁed into cðnþ 1Þ; an
MNE of Knþ1:
The paper is organized as follows. In Section 2 the theory of index one
current graphs is brieﬂy reviewed for later use. Section 3 gives all 12
constructions of index one current graphs that yield MNE of complete
graphs. In Section 4 it is shown that for sufﬁciently large n the embeddings
cðnÞ and cðnþ 1Þ have a large number of common faces.
2. INDEX ONE CURRENT GRAPHS GENERATING CELLULAR
EMBEDDINGS OF COMPLETE GRAPHS
To make the paper easier to read we brieﬂy review here the theory
of index one current graphs in the form being used in the paper. The
reader is referred to [4, 9] for more detailed development of the material
sketched herein. We assume that the reader is familiar with current graphs,
the log of a circuit, derived graphs and their embeddings induced by current
graphs.
Let G ¼ ðV ;EÞ be a connected graph whose edges have all been given plus
and minus direction. Hence, each edge e gives rise to two reverse arcs eþ and
e of G: A rotation of a vertex of G is a cyclic permutation ða1; a2; . . . ; atÞ of
all arcs directed out of the vertex. A rotation system of G (a rotation of G;
for short) is a collection of rotations, one for each vertex of G:
Let each edge of G be assigned type 0 or 1. Given the edge types, let j be a
function from the arc set of G into a group F; such that jðeþÞ ¼ ðjðeÞÞ1
for every edge e of type 0 and jðeþÞ ¼ jðeÞ for every edge e of type 1. The
values of j are called currents and F is called the current group. If an edge e
VLADIMIR P. KORZHIK224of type 0 is a loop and jðeþÞ ¼ jðeÞ (that is, jðeþÞ is of order 2 in F), then
the arcs eþ and e are identiﬁed and this arc is called an end arc.
The graph G with given rotation and edge types determines a cellular
embedding G ! S of G into a surface S (see [4, p. 113]). If this embedding
has exactly one face, the pair hG ! S;ji (with these given rotation and
edge types) is called an index one current graph.
We restrict ourselves in the paper to index one current graphs with the
current group Zm (the cyclic group of integers modulo m) only.
We can form a derived graph %G from the index one current graph with the
current group Zm with the help of the current assignment. The vertex set of
%G is the set f0; 1; . . . ;m 1g of all elements of Zm: The edge-joining vertices
v and w of a graph is denoted by ðv;wÞ: The edge set of %G is fðz; zþ jðeþÞÞ :
e 2 E; z 2 Zmg:
Since the set of all edges ðz; zþ mÞ; z ¼ 0; 1; . . . ;m 1; is the set of all
edges ðz; z mÞ; z ¼ 0; 1; . . . ;m 1; where m 2 Zm; we see that the set of
vertices adjacent to every vertex z of the derived graph is the set of all
vertices z jðeþÞ; e 2 E:
The index one current graph hG ! S;ji with the current
group Zm determines a rotation and edge types of %G; generating thereby
the derived cellular embedding of the derived graph. The rotation of %G is
determined in a well-known manner [6, p. 199]: given the rotation and the
edge types of %G; we can construct an oriented boundary walk (called circuit)
of the unique face of the embedding G ! S and the log of the circuit
determines the rotation of %G: The edge types of %G are given by (E1).
(E1) If the circuit traverses an edge e of G twice in opposite directions
(resp. twice in the same direction), then all the edges fðz; zþ jðeþÞÞ: z 2 Zmg
of the derived graph are of type 0 (resp. 1).
The face set of the derived embedding is determined as follows. There is a
mapping from the face set onto the vertex set of the current graph. Given a
vertex of the current graph, the faces mapping onto the vertex are called
faces induced by the vertex, and they are determined by Theorem 4,4,1 of [4]
which extends to the nonorientable case as well.
If the sum of the currents on the arcs directed out of a vertex of a current
graph equals zero, then we will say that this vertex satisﬁes KCL (the
Kirchhoff current law). The degree of a vertex v of a current graph is the
number of arcs emanating from v:
The following Lemmas 1 and 2 are the versions of Theorem 4,4,1 of [6]
which we shall use in the sequel.
Lemma 1. Let ða1; a2; a3Þ be the rotation of a 3-valent vertex of an index
one current graph hG ! S;ji with the current group Zm; where jðaiÞ ¼
gi; i ¼ 1; 2; 3: Let the vertex satisfy KCL, that is g1 þ g2 þ g3 ¼ 0: Then the
MAP COLOR THEOREM 225set of faces induced by the vertex consists of m triangular faces F0; F1; . . . ; Fm1
such that the cycle of vertices giving the closed walk that bounds the face
Fz ðz ¼ 0; 1; . . . ;m 1Þ is
z; zþ g1; zþ g1 þ g2; zþ g1 þ g2 þ g3 ¼ z;
where z is considered to be an element of Zm (see Fig. 1).
Two faces of a cellular embedding of a graph are called adjacent if they
have a common edge. If 3-valent adjacent vertices v and w of a current graph
with the current group Zm satisfy KCL, then the faces induced by the
vertices fall into pairs of adjacent faces (two examples are given in Fig. 2
depending on whether the vertices are joined by an edge of type 0 or 1; in
this ﬁgure, as in what follows, the black vertices denote clockwise rotation
and the white vertices counter-clockwise rotation). So we can speak about
the m pairs of adjacent triangular faces induced by the adjacent vertices v
and w:
In what follows, we will sometimes consider an element of Zn to be an
integer (that is, an element of Z) and vice versa, the exact meaning will
always be clear from the context. Denote by ðk; tÞ the greatest common
divisor of the integers k and t:FIG. 1.
FIG. 2.
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vortex of a current graph, the current g on the arc directed away from the
vortex is called the current flowing out of the vortex. If Zm is the current
group, the order of g is m=ðm; gÞ:
Lemma 2. Let g be the current flowing out of a vortex of an index one
current graph with the current group Zm:
If g is of order 3, then the vortex induces triangular faces.
If g is of order m, then the vortex induces exactly one m-gonal face, incident
with all vertices of the derived graph, and the cycle of vertices giving the closed
walk that bounds the face is 0, g; 2g; 3g; ðm 1Þg;mg ¼ 0:
If m and g are even, and g is of order m=2; then the vortex induces exactly
two ðm=2Þ-gonal faces; one of these faces is incident to the vertices 0; 2; . . . ;
m 2; the other face is incident with 1; 3; . . . ;m 1; and the cycle of
vertices giving the closed walk bounding the face incident to even (resp. odd)
vertices is
0; g; 2g; 3g; . . . ; ððm=2Þ  1Þg; ðm=2Þg ¼ 0;
ðresp:1; 1þ g; 1þ 2g; 1þ 3g; . . . ; 1þ ððm=2Þ  1Þg; 1þ ðm=2Þg ¼ 1Þ:
Deﬁne the classWðmÞ to consist of all index one current graphs with the
current group Zm satisfying the following conditions (C1)–(C5):
(C1) The log of the circuit contains each element of Zm except 0 exactly
once.
(C2) If m is even, then there is one end arc, carrying current m=2:
(C3) Each vertex has valence 1 or 3.
(C4) Each 3-valent vertex satisﬁes KCL.
(C5) The current ﬂowing out of an arbitrary vortex has order 3, m=2
(when m is even), or m:
Every current graph from WðmÞ generates a cellular embedding of Km:
The face set of the embedding is determined by Lemmas 1 and 2.
In Section 3 we will construct current graphs that belong to classesWðmÞ:
All the constructed current graphs will be represented in the form of ﬁgures.
In what follows, all ﬁgures of current graphs (or their fragments) will be
given in the so-called reduced form, and when we will speak about a depicted
current graph we will always mean that this current graph is depicted in the
reduced form.
When a current graph with the current group Zm is depicted in the
reduced form we will always assume the following conventions. Each type 0
FIG. 3.
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. . . ; bm=2cg; this arc is called a simple arc of the depicted current graph. Each
type 1 edge is represented as a broken arc as follows: if the mutually reverse
arcs corresponding to the edge carry the current b (see Fig. 3(a)), then for
b 2 f1; 2; . . . ; bm=2cg (resp. b 2 f1; 2; . . . ; bm=2cg) the broken arc is shown in
Fig. 3(b) (resp. 3(c)). An end arc is depicted as a straight line without an
arrow, with a vertex on one end and without a vertex on the other end; the
end arc carries current m=2:
It will be shown in Section 4 that the representation of current graphs as
ﬁgures in reduced form is useful when ﬁnding common faces of the
embeddings generated by the current graphs.
As is easily seen, if a depicted index one current graph with the current
group Zm satisﬁes the following condition:
(C10) The currents on the arcs of the depicted current graph are
pairwise distinct and their union is the set f1; 2; . . . ; bm=2cg of elements of Zm:
Then this current graph satisﬁes (C1).
For future use we note that the circuit has two modes of behavior, normal
(indicated by a solid line) and alternative (dashed line). In normal behavior
the circuit obeys the rotation given at each vertex and records currents
according to the orientation of the arcs. In alternative behavior the circuit
acts as if the given vertex rotations and arc orientations are reversed. When
the circuit traverses a type 1 edge (broken arc) its behavior switches modes
at the midpoint of the arc.
3. CONSTRUCTING MINIMAL NONORIENTABLE EMBEDDINGS
OF COMPLETE GRAPHS
In this section, for every n58; n=9; 14; we construct an index one
current graph GðnÞ that yields an MNE cðnÞ of Kn:
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the embedded graph. In this section, we will emphasize vertex sets
of the embeddings under consideration; they will play an important role
in Section 4.
Our current graphs GðnÞ will have the current group Zm; where n5m5n
2; and will generate cellular embeddings f ðnÞ of Km with vertex set f0; 1;
. . . ;m 1g: If n ¼ m then f ðnÞ will be the desired embedding cðnÞ:
If n > m then we will obtain cðnÞ after certain modiﬁcations (adding new
vertices and crosscaps, etc.). Given a face of an embedding, by inserting a
new vertex in the face we mean the following: place a new vertex inside the
face and join this vertex by disjoint edges with all vertices on the boundary
of this face.
The current graphs GðnÞ will be given later. At this point we describe how
GðnÞ yields cðnÞ depending on the residue class of nmod 12:
Cases n  1; 4; 7 mod 12: We take GðnÞ 2WðnÞ; the current graph GðnÞ has
no vortices and generates a nonorientable triangular embedding cðnÞ of
Kn with vertex set f0; 1; . . . ; n 1g:
Cases n  0; 3; 6; 10 mod 12: Here we begin with GðnÞ 2Wðn 1Þ: For
nc10 mod 12 the current graph GðnÞ has exactly one vortex and the current
ﬂowing out of the vortex has order n 1: For n  10 mod 12; the current
graph GðnÞ has exactly two vortices and the currents ﬂowing out of the
vortices have order n 1 and 3, respectively. By Lemmas 1 and 2, the
current graph GðnÞ generates a nonorientable cellular embedding f ðnÞ of
Kn1 such that one face of the embedding is ðn 1Þ-gonal and incident to all
vertices of Kn1: All the remaining faces are triangular. Inserting a new
vertex x in the ðn 1Þ-gonal face we obtain a nonorientable triangular
embedding cðnÞ of Kn with vertex set f0; 1; . . . ; n 2; xg:
Cases n  2; 5; 11 mod 12: This time we take GðnÞ 2Wðn 2Þ: The current
graph GðnÞ has exactly two vortices and the currents ﬂowing out of the
vortices have order n 2: The current graph GðnÞ generates a cellular
embedding f ðnÞ of Kn2 such that two faces of the embedding are ðn 2Þ-
gonal and each of them is incident to all vertices of Kn2; and all the
remaining faces are triangular. Insert new vertices x and y in these two
ðn 2Þ-gonal faces, respectively. We obtain a triangular embedding of
Kn  K2 with two nonadjacent vertices x and y: Using one additional
crosscap, it is easy to provide for the missing adjacency as shown in Fig. 4,
where v is an arbitrary vertex of Kn  K2 different from x and y (in Fig. 4, as
in what follows, the crosscap is depicted as a blank circle with the letter M
inside). This way we construct cðnÞ with vertex set f0; 1; . . . ; n 3; x; yg: It is
easily seen that in the course of this modiﬁcation of the embedding of
Kn  K2; two triangular faces (marked by stars) in Fig. 4(a) vanish and two
quadrangular faces (marked by stars) appear in Fig. 4(b); the remaining
faces of the embedding of Kn  K2 remain unchanged.
FIG. 4.
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graph as the one given in [9, Fig. 8.27] and yields cðnÞ in precisely the same
way. Given below is a description of the transition from f ðnÞ to cðnÞ in
terms of faces of the embeddings.
The current graph GðnÞ has exactly two vortices and the currents ﬂowing
out of these vertices are 1 (of order n 2) and ðn 4Þ=2 (of order
ðn 2Þ=2), respectively. The current graph generates a cellular embedding
f ðnÞ of Kn2 such that: one face of the embedding is ðn 2Þ-gonal and
incident to all vertices of Kn2 (we then insert a new vertex x in this face);
two other faces are ððn 2Þ=2Þ-gonal, one of them is incident to the vertices
0; 2; . . . ; n 4 of Kn2 (we insert a new vertex y0 in this face), and the other
face is incident to the vertices 1; 3; . . . ; n 3 of Kn2 (and we insert a new
vertex y1 in this face); all the remaining faces are triangular. Fig. 5 shows
how (adding two crosscaps) one can identify the vertices y0 and y1 into a
new vertex y and then gain the adjacency ðx; yÞ: As a result, we obtain cðnÞ
with vertex set f0; 1; . . . ; n 3; x; yg: In the course of the transition to cðnÞ
the three triangular faces marked by stars in Fig. 5(a) vanish and two new
triangular and one new 5-gonal faces marked by stars appear in Fig. 5(b),
the remaining faces from Fig. 5(a) will be unchanged (if we take yi and y to
be the same vertex).
Case n  9 mod 12: In this last case GðnÞ 2Wðn 1Þ: The current graph
GðnÞ has exactly one vortex and the current ﬂowing out of the vortex has
order ðn 1Þ=2: The Appendix shows how f ðnÞ can be modiﬁed to obtain
cðnÞ; the nonorientable triangular embedding of Kn with vertex set f0; 1; . . .
; n 2; xg:
When constructing the current graphs GðnÞ; we will use the fragments
AðsÞ; s51; and BðsÞ; s50; shown in Figs. 6(a) and 6(b), respectively. The
ends marked by the same letter C or D are identiﬁed. The way the two
fragments will be incorporated into our current graphs are indicated in Figs.
7(a) and 7(b), respectively. Note that Bð0Þ consists only of two horizontal
arcs with currents 2 and 4, respectively. One can easily verify that the
FIG. 5.
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‘‘pieces’’ of the circuit which are indicated in Figs. 6(a) and 6(b): both ends
of each ‘‘piece’’ are marked by the same label h1i; h2i; h3i; or h4i: Some
vertices of these fragments are marked by solid or dashed squares; their
meaning will be explained in Section 4.
It can be seen that every vertex in Fig. 6 is of the form shown in Fig. 8(a)
or 8(b) (the rotation of the vertex is not indicated here). Therefore, the
following holds:
(E2) If we consider AðsÞ (resp. BðsÞ) as a fragment of a depicted current
graph with the current group Zm; where m52ð6sþ 1Þ (resp. m52ð6sþ 4ÞÞ;
then KCL holds for every vertex of AðsÞ (resp. BðsÞÞ:
Now we are ready to construct the current graphs GðnÞ:
Consider the sequence
P ð12sþ 4Þ; P ð12sþ 5Þ; . . . ; P ð12sþ 15Þ
of the 12 constructions P ð12sþ iÞ shown in Fig. 9; this ﬁgure gives a
construction P ðnÞ for every n510; n=14: The currents on the arcs of a
construction P ðnÞ are elements of a group Zm; where n5m5n 2: In Fig. 9,
these constructions are arranged in two columns in the order of increasing value
of m with the aim to show a periodicity in the geometry of the constructions and
to show that, when the constructions are arranged in this order, each
subsequent construction is not too much different from the preceding one.
Part of the constructions P ðnÞ are the current graphs GðnÞ; they are labeled
GðnÞ in Fig. 9. The other constructions P ðnÞ become GðnÞ only after changing
some of the vertices (never more than 12); these constructions are labeled
P ðnÞ ! GðnÞ in Fig. 9. By changing a set of k three- and one-valent vertices
of a construction we mean the following: the k vertices are removed (without
removing the arcs incident to the vertices), the other vertices remain
FIG. 6.
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KCL holds in each new three-valent vertex (here the set of the currents on the
arcs remains ﬁxed, but some simple arcs may become broken and vice versa).
For example, the three vertices in Fig. 10(a) are changed into the three new
vertices in Fig. 10(b) (the rotation of the vertices is not indicated here).
FIG. 7.
FIG. 8.
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15Þ given in Fig. 9, seven constructions P ðnÞ are the current graphs GðnÞ:
Note that, as in [9], the current graph Gð12sþ 8Þ is constructed also for
s ¼ 0; where P ð12sþ 8Þ in Fig. 9 is reduced to only three arcs.
For the graphs GðnÞ obtained from P ðnÞ by changing some vertices, the
following holds:
(E3) If a construction P ðnÞ is based on the fragment AðsÞ (resp. BðsÞ), then
the current graph GðnÞ is obtained from P ðnÞ by changing no more than 12
vertices, of which no more than 7 (resp. 4) belong to AðsÞ (resp. BðsÞ).
As a result, GðnÞ may have ladder-like fragments of AðsÞ and BðsÞ: The
ladder-like fragments of AðsÞ and BðsÞ shown in Figs. 11(a) and 11(c) will be
drawn as in Figs. 11(b) and 11(d), respectively (similar drawings will be used
for the other orientation of the arc carrying the r). So, we assume that if the
ﬁgure of GðnÞ has a fragment of the form shown in Figs. 11(b) or 11(d) (two
vertical arcs connected by dotted line), then this fragment represents a
corresponding ladder-like fragment of AðsÞ or BðsÞ depending on whether
P ðnÞ contains AðsÞ or BðsÞ; respectively.
The current graph Gð12sþ 7Þ; s51; is shown in Fig. 12.
The current graph Gð12sþ 9Þ for s52 is shown in Fig. 13 and for s ¼ 1 in
Fig. 26.
The current graph Gð12sþ 10Þ; s50; is shown in Fig. 14 depending on
the residue class of smod 3: Note that for s ¼ 3hþ 2; the terminal vertex of
the arc with current 18hþ 2 has a different rotation compared with the
situation in BðsÞ:
FIG. 9.
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FIG. 10.
FIG. 11.
VLADIMIR P. KORZHIK234The current graph Gð12sþ 13Þ; s50; is shown in Fig. 15. It should be
mentioned here that this current graph is much simpler than the current
graph constructed by Landesman and Youngs [7] to yield an MNE of
K12sþ13:
The current graph Gð12sþ 14Þ; s51; is shown in Fig. 16.
Note that in Fig. 14 there are two fragments of the form shown in Figs.
17(a) and 17(b), these fragments for h ¼ 1 and 0 consist only of the two
horizontal arcs shown in Fig. 17(c).
FIG. 12.
MAP COLOR THEOREM 235It is easily veriﬁed that the set of currents on the arcs of AðsÞ in Fig. 6(a)
and of BðsÞ in Fig. 6(b) is f1; 2; . . . ; 6sþ 1g=f1; 6sg and f1; 2; . . . ; 6sþ
4g=f1; 6sþ 3g: Taking this and (E2) into account, the reader can check that
the resulting graph GðnÞ satisﬁes ðC10Þ; (C2)–(C5), and the rotation of this
current graph induces exactly one circuit.
Now we want to show that each embedding cðnÞ constructed above is
indeed an MNE of Kn: For n  2; 5; 11 mod 12; the embedding cðnÞ is
obtained from a triangular embedding of Kn  K2 by adding a crosscap and
as is shown in [9, p. 88] such an embedding of Kn is an MNE. For n 
8 mod 12; the current graph GðnÞ and the embedding cðnÞ are the same as in
[9] where it is shown by a simple calculation that cðnÞ is an MNE of Kn: For
n  1; 6; 9; 10 mod 12; the embedding cðnÞ is a triangular embedding of Kn
into a surface whose Euler characteristic is odd, hence this surface is
nonorientable and cðnÞ is an MNE of Kn:
For n  0; 3; 4; 7 mod 12; the embedding cðnÞ is a triangular embedding of
Kn; so it remains to show that this embedding is nonorientable. To prove
that the derived embedding of the derived graph is nonorientable it sufﬁces
to show [4, p. 110] that the derived graph has a cycle with an odd number of
FIG. 13.
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n  0; 3; 4; 7 mod 12; the circuit traverses the arc with the current 2 twice in
the same direction. Hence, taking (E1) into account, we see that all edges
FIG. 14.
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same type. It follows that the cycle ð0; 2Þ; ð2; 1Þ; ð1; 0Þ of the derived graph
has an odd number of type 1 edges, hence the embedding cðnÞ is
nonorientable.
4. COMMON FACES OF THE MINIMAL EMBEDDINGS OF
COMPLETE GRAPHS
An inspection of the ways our current graphs have been obtained (see, in
particular, Fig. 9) shows that in each of the constructions P ðhÞ there are no
more than 5 vertices that do not belong to a fragment AðsÞ or BðsÞ: When
passing from P ðhÞ to GðhÞ; no more than 7 vertices of the fragment AðsÞ or
BðsÞ of the construction are changed. Thus, as h approaches inﬁnity, almost
all of vertices GðhÞ come from the corresponding fragment AðsÞ or BðsÞ that
remain unchanged. This observation will now be used to show that for
sufﬁciently large n the embeddings cðnÞ and cðnþ 1Þ have a large number of
common faces.
This section is organized as follows. First, we give the deﬁnition of a
common face of two embeddings cðhÞ and cðtÞ (or f ðhÞ and f ðtÞ), h=t: Then
we identify the vertices of the current graphs GðhÞ and GðtÞ which induce
common faces of f ðhÞ and f ðtÞ: Combining this with the way these
embeddings have been modiﬁed into the embeddings cðhÞ and cðtÞ;
respectively, we can ﬁnd the faces shared by cðhÞ and cðtÞ: It will be shown
that, as n approaches inﬁnity, for nc3; 9 mod 12 (resp. n  3; 9 mod 12) no
less than 5=8 (resp. 5=16) of all faces of cðnÞ appear in cðnþ 1Þ:
A triangular face of a cellular embedding of a graph without loops and
multiple edges is denoted as an unoriented triple ðu; v;wÞ of the vertices
incident with the face. As has been speciﬁed in Section 3, if GðnÞ has the
current group Zm; where n5m5n 2; then for m ¼ n; n 1; or n 2; the
vertex set of cðnÞ is f0; 1; . . . ; n 1g; f0; 1; . . . ; n 2; xg; or f0; 1; . . . ;
n 3; x; yg; respectively.
The same integer q (that is, an element of Z) may denote elements of
different groups Zm; m > q: As a result, different embeddings cðhÞ and cðtÞ
may have vertices denoted by the same integer (for example, embeddings
cðnÞ and cðnþ 1Þ have the vertices 0; 1; . . . ; n 3). Bearing this in mind, we
give the following deﬁnition: if each of the embeddings cðhÞ and cðtÞ (or
f ðhÞ and f ðtÞ), h=t; have a triangular face ðb; c; dÞ; where b; c; d are integers
denoting the vertices of these embeddings, then this face is called a common
face of these embeddings, and we will say that this face appears in each of
these embeddings. It should be noted here that to simplify the exposition the
triangular faces incident to the vertices x or y are not considered as the faces
that can be common faces of two embeddings.
FIG. 15.
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valent vertex such that in the ﬁgure there is an arc directed to the vertex and
an arc directed out of the vertex. Each transit vertex v of a depicted current
graph is of the form shown in Fig. 18. The element bþ d; considered to be a
FIG. 17.
FIG. 18.
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indðvÞ:
Given integers b and d; if a particular vertex from Fig. 18 appears in two
depicted current graphs GðhÞ and GðtÞ in the form of vertices v and w;
respectively, then v and w are called identical vertices of the two current
graphs. Given integers b and d; if one of the two depicted current graphs
GðhÞ and GðtÞ has a vertex as in Fig. 18(a) (resp. 18(c)), and the other current
graph has a vertex as in Fig. 18(b) (resp. 18(d)), then the two vertices are
called reverse vertices of the two current graphs. The transit vertices v and w
of two depicted current graphs GðhÞ and GðtÞ are called equivalent if they are
identical or reverse. Note that in complete analogy with this deﬁnition we
can speak about equivalent vertices v and w of two depicted fragments of
current graphs. Clearly, equivalent vertices have the same index and for
FIG. 19.
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and w are equivalent.
The motivation to consider equivalent vertices is given by the following
lemma.
Lemma 3. Let the current graphs GðhÞ and GðtÞ; h=t; have current groups
ZpðhÞ and ZpðtÞ; respectively, and let p ¼ minfpðhÞ;pðtÞg:
ðaÞ If the embeddings f ðhÞ and f ðtÞ have a common face, then GðhÞ and
GðtÞ have equivalent vertices v and w, respectively, such that in f ðhÞ (resp.
f ðtÞÞ; the common face is induced by the vertex v of GðhÞ (resp. w of GðtÞÞ:
ðbÞ If GðhÞ and GðtÞ have equivalent vertices v and w, respectively, with
index m, then the embeddings f ðhÞ and f ðtÞ have exactly p  m (if pðhÞ=pðtÞÞ
or p (if pðhÞ ¼ pðtÞÞ common faces such that in f ðhÞ (resp. f ðtÞÞ all these faces
are induced by the vertex v of GðhÞ (resp. w of GðtÞÞ:
Proof. (a) Suppose that f ðhÞ and f ðtÞ have a common face ðb; c; dÞ
(Fig. 19(a)). Then b; c; d 2 f0; 1; . . . ;p  1g: Without loss of generality, let
b5c5d: Then, by Lemma 1, the current graphs GðhÞ and GðtÞ have vertices v
and w; respectively, of the form shown in Fig. 19(b) depending on whether
the arc with the current d  b is directed to the vertex or out of the vertex.
Clearly, the vertices v and w are equivalent and induce the face.
(b) Suppose that GðhÞ and GðtÞ have equivalent vertices v and w;
respectively, with index m: Without loss of generality, let v and w be of the
form shown in Figs. 18(a) and 18(b) (these vertices may be identical or
reverse), where bþ d ¼ m: Then, by Lemma 1, the vertex v (resp. w) induces
exactly pðhÞ (resp. pðtÞÞ triangular faces ðz; zþ b; zþ bþ dÞ; z ¼ 0; 1; . . . ;p
ðhÞ  1 (resp. z ¼ 0; 1; . . . ;pðtÞ  1), where addition is modulo pðhÞ (resp.
pðtÞÞ: Hence, if pðhÞ=pðtÞ (resp. pðhÞ ¼ pðtÞÞ; then the p  m (resp. p) faces
ðz; zþ b; zþ bþ dÞ; z ¼ 0; 1; . . . ;p  m 1 (resp. z ¼ 0; 1; . . . ;p  1Þ are all
the common faces of the embeddings f ðhÞ and f ðtÞ that are induced by v in
GðhÞ and by w in GðtÞ: ]
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Lemma 4. Let the current graphs GðhÞ and GðtÞ; h=t; have
current groups ZpðhÞ and ZpðtÞ; respectively, and let p ¼ minfpðhÞ;pðtÞg:
If GðhÞ has k vertices vj; j ¼ 1; 2; . . . ; k; such that for every j there is a vertex
of GðtÞ equivalent to vj; then the embeddings f ðhÞ and f ðtÞ have no less
than
Xk
j¼1
ðp  indðvjÞÞ
common faces.
With a knowledge of how embeddings f ðhÞ and f ðtÞ are modiﬁed into the
embeddings cðhÞ and cðtÞ; ﬁnding by inspection all pairs of equivalent
vertices of GðhÞ and GðtÞ; and using Lemma 3 one can determine the number
of common faces of the embeddings cðhÞ and cðtÞ: To simplify the
exposition, below we will only examine a lower bound on the number of
common faces of cðnÞ and cðnþ 1Þ:
A transit vertex v of GðnÞ; n514; is called a c-vertex if there is a vertex w
of Gðnþ 1Þ equivalent to v; and all faces of f ðnÞ (resp. f ðnþ 1Þ) induced by v
(resp. w) remain unchanged when passing from f ðnÞ to cðnÞ (resp. from
f ðnþ 1Þ to cðnþ 1Þ).
To ﬁnd c-vertices of GðnÞ we take into account the following. Consider the
case when f ðnÞ is not equal to cðnÞ: When passing from f ðnÞ
to cðnÞ; after inserting new vertices (denoted by letters x; y; xi; yjÞ in all
nontriangular faces of f ðnÞ we obtain a triangular embedding %f ðnÞ of a
graph. If %f ðnÞ is not equal to cðnÞ; then, after some modiﬁcations explained
earlier (adding crosscaps, changing some faces, etc.), we obtain cðnÞ from
%f ðnÞ: As for the passage from %f ðnÞ to cðnÞ; the modiﬁcations shown in Figs. 4
and 5 affect only the faces of %f ðnÞ incident with the vertices x; y; y1; and y2:
For the case n  9 mod 12; the modiﬁcations shown in Figs. 22–25,28,29
affect only the faces of %f ðnÞ incident with the vertices x1 and x2 (and x
thereupon), and the faces of %f ðnÞ which are faces of f ðnÞ induced by the
three 3-valent vertices in Fig. 20. If v is a 3-valent vertex of GðnÞ; then all
faces of f ðnÞ induced by v are faces of %f ðnÞ not incident with the new vertices
x; y; xi; or yj: Hence, when passing from f ðnÞ to cðnÞ; the triangular faces of
f ðnÞ remain unchanged except for the case n  9 mod 12 where some of the
triangular faces which are induced by the three 3-valent vertices in Fig. 20
are affected. As a result, we obtain the following:
(E4) For n  8; 9 mod 12; every transit vertex of GðnÞ that has an
equivalent vertex in Gðnþ 1Þ is a c-vertex of GðnÞ:
FIG. 20.
MAP COLOR THEOREM 243For n  8 mod 12; every transit vertex of GðnÞ having such an equivalent
vertex in Gðnþ 1Þ that does not appear in the fragment in Fig. 20, is a c-
vertex of GðnÞ:
For n  9 mod 12; every transit vertex of GðnÞ that does not appear in the
fragment in Fig. 20, and that has an equivalent vertex in Gðnþ 1Þ; is a
c-vertex of GðnÞ:
As mentioned at the beginning of this section, as n approaches inﬁnity,
almost all vertices of GðnÞ are vertices from the corresponding fragment AðsÞ
or BðsÞ that remain unchanged when passing from P ðnÞ to GðnÞ: Then, by
(E4), we may expect that, as n approaches inﬁnity, almost all c-vertices of
GðnÞ are some of the unchanged vertices from AðsÞ or BðsÞ: We will now
study the AðsÞ or BðsÞ in detail.
Denote by VaðsÞ and VbðsÞ the vertex sets of AðsÞ and BðsÞ; respectively. By
(E3), if a construction P ðnÞ has the fragment AðsÞ (resp. BðsÞÞ; then at least
jVaðsÞj  7 (resp. jVbðsÞj  4) vertices of AðsÞ (resp. BðsÞÞ remain unchanged
when passing from P ðnÞ to GðnÞ; these ﬁxed vertices are called the vertices
from VaðsÞ (resp. VbðsÞÞ contained in GðnÞ:
Denote by VabðsÞ the set of all the vertices v of AðsÞ such that BðsÞ has a
vertex w equivalent to v (note that v and w are reverse). The vertices of VabðsÞ
and the equivalent vertices in BðsÞ are labeled in Figs. 6(a) and 6(b) by solid
squares. Further, let VbaðsÞ be the set of all the vertices v of BðsÞ such that
Aðsþ 1Þ has a vertex w equivalent to v (note that v and w are again reverse).
The vertices of VbaðsÞ and the corresponding equivalent vertices in Aðsþ 1Þ are
labelled in Figs. 6(b) and 6(c) by dashed squares. Note that the fragments AðsÞ
and Aðsþ 1Þ (as well as BðsÞ and Bðsþ 1ÞÞ have no equivalent vertices.
Taking (E4) into account, comparing the depicted current graphs
Gð12sþ iÞ; i ¼ 4; 5; . . . ; 15; and examining all the vertices from VaðsÞ or Vbð
sÞ in these current graphs, the reader can easily verify the following claim.
Claim 1. For i ¼ 4; 5; . . . ; 8; the current graph Gð12sþ iÞ; s54; has at
least jVaðsÞj  7 c-vertices from VaðsÞ:
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VabðsÞ: For i ¼ 10; 11; . . . ; 14; the current graph Gð12sþ iÞ; s54; has at least
jVbðsÞj-4 c-vertices from VbðsÞ:
In the current graph Gð12sþ 15Þ; s54; all vertices in VbaðsÞ are c-vertices.
In the following Lemmas 5–7 we give a lower bound on
P
ðm indðvÞÞ
where the sum runs over certain subsets of vertices v of the fragment AðsÞ or
BðsÞ: Before we do so, note that jVaðsÞj ¼ 2ð2s 1Þ and jVbðsÞj ¼ 4s:
Lemma 5. Let V ðtÞ be an arbitrary ð2ð2s 1Þ  tÞ-element subset of VaðsÞ;
where s54; 04t52ð2s 1Þ; and let m > 6sþ 1: Then
X
v2V ðtÞ
ðm indðvÞÞ5mð2ð2s 1Þ  tÞ  3ð2s 1Þð3sþ 1Þ þ tð3sþ 2Þ:
Proof. As is easily seen, for every vertex v of AðsÞ the maximal current
among the three currents on the depicted arcs incident to v is the current on
a horizontal arc incident to v: Moreover, each of the upper (resp. lower)
horizontal arcs with the currents 3sþ 4; 3sþ 7; . . . ; 6sþ 1 (resp. 3sþ 2; 3sþ
5; . . . ; 6s 1Þ is adjacent only to arcs with smaller currents. Hence, the
indices of the vertices of AðsÞ are as follows: each of the numbers 3sþ
4; 3sþ 7; . . . ; 6s 2; and 3sþ 5; 3sþ 8; . . . ; 6s 1 is the index of exactly two
vertices, and each of the numbers 3sþ 2 and 6sþ 1 is the index of exactly
one vertex. Thus, we have
X
v2VaðsÞ
indðvÞ ¼ 2
Xs1
i¼1
ð3sþ 1þ 3iÞ þ 2
Xs1
i¼1
ð3sþ 2þ 3iÞ þ ð3sþ 2Þ þ ð6sþ 1Þ
¼ 3ð2s 1Þð3sþ 1Þ: ð1Þ
The smallest value of the indices of the vertices of VaðsÞ is 3sþ 2: Thus, by
(1), we obtain
X
v2V ðtÞ
ðm indðvÞÞ5
X
v2VaðsÞ
ðm indðvÞÞ  tðm ð3sþ 2ÞÞ
¼mð2ð2s 1Þ  tÞ  3ð2s 1Þð3sþ 1Þ þ tð3sþ 2Þ ]
Lemma 6. Let V ðtÞ be an arbitrary ð4s tÞ-element subset of VbðsÞ; where
s54; 04t54s; and let m > 6sþ 4: Then
X
v2V ðtÞ
ðm indðvÞÞ5mð4s tÞ  3sð6sþ 5Þ þ tð3sþ 4Þ:
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currents on the depicted arcs incident to v is the current on a horizontal arc
incident to v: Moreover, each of the upper (resp. lower) horizontal arcs with
the currents 3sþ 4; 3sþ 7; . . . ; 6sþ 4 (resp. 3sþ 5; 3sþ 8; . . . ; 6sþ 2) is
adjacent only to arcs with smaller currents. Hence, the indices of the
vertices of BðsÞ are as follows: each of the numbers 3sþ 7; 3sþ 10; . . . ; 6sþ
1; and 3sþ 5; 3sþ 8; . . . ; 6sþ 2 is the index of exactly two vertices, and each
of the numbers 3sþ 4 and 6sþ 4 is the index of exactly one vertex. Thus, we
have
X
v2VbðsÞ
indðvÞ ¼ 2
Xs1
i¼1
ð3sþ 4þ 3iÞ þ 2
Xs1
i¼1
ð3sþ 2þ 3iÞ þ ð3sþ 4Þ þ ð6sþ 4Þ
¼ 3sð6sþ 5Þ: ð2Þ
The smallest value of the indices of the vertices of VbðsÞ is 3sþ 4: Thus, by
(2), we obtain
X
v2V ðtÞ
ðm indðvÞÞ5
X
v2VbðsÞ
ðm indðvÞÞ  tðm ð3sþ 4ÞÞ
¼mð4s tÞ  3sð6sþ 5Þ þ tð3sþ 4Þ: ]
Before we proceed, note that jVabðsÞj ¼ 2s 1:
Lemma 7. Let V ðtÞ be an arbitrary ð2ð2s 1Þ  tÞ -element subset of Vab
ðsÞ; where s54; 04t52s 1; and let m > 6sþ 1: Then
X
v2V ðtÞ
ðm indðvÞÞ5mð2ð2s 1Þ  tÞ  ð9s2  2Þ þ tð3sþ 4Þ:
Proof. The sum of the indices of all vertices of VabðsÞ is
fð3sþ 4Þ þ ð3sþ 7Þ þ    þ ð6sþ 1Þg þ fð3sþ 5Þ þ ð3sþ 8Þ þ    þ ð6s 1Þg
¼
Xs
i¼1
ð3sþ 1þ 3iÞ þ
Xs1
i¼1
ð3sþ 2þ 3iÞþ ¼ 9s2  2: ð3Þ
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(3), we obtain
X
v2V ðtÞ
ðm indðvÞÞ5
X
v2VabðsÞ
ðm indðvÞÞ  tðm ð3sþ 4ÞÞ
¼mðð2s 1Þ  tÞ  ð9s2  2Þ þ tð3sþ 4Þ: ]
Claim 2. The sum of the indices of all vertices of VbaðsÞ is
fð3sþ 5Þþð3sþ8Þþ    þ ð6sþ 2Þg þ fð3sþ 7Þ þ ð3sþ 10Þ þ    þ ð6sþ 4Þg
¼
Xs
i¼1
ð3sþ 2þ 3iÞ þ
Xs
i¼1
ð3sþ 4þ 3iÞ ¼ 9sðs 1Þ:
Denote by F ðn; nþ 1Þ the number of common faces of embeddings cðnÞ
and cðnþ 1Þ; n514: A lower bound on F ðn; nþ 1Þ will be obtained in the
proof of the following theorem that gives a lower bound on F ðn; nþ 1Þ=F ðnÞ;
where F ðnÞ denotes the number of faces of cðnÞ: As usual, oðs2Þ denotes any
function gðsÞ such that lims!1 ð
gðsÞ
s2 Þ ¼ 0:
Theorem 1. For s55; there is a function FjðsÞ; j ¼ 0; 1; . . . ; 11; such that
F ð12sþ j; 12sþ jþ 1Þ=F ð12sþ jÞ5FjðsÞ;
where lims!1FjðsÞ ¼ 5=16 for j ¼ 3; 9; and lims!1FjðsÞ ¼ 5=8 for j=3; 9:
Proof. First we derive a lower bound LiðsÞ on F ð12sþ i; 12sþ iþ 1Þ;
i 2 f4; 5; . . . ; 15g; s54: Consider two current graphs Gð12sþ iÞ and Gð12sþ
iþ 1Þ; i 2 f4; 5; . . . ; 15g; s54:
One of the two graphs has the current group Zm with the smaller value of
m: We have
12sþ i5m512sþ i 2: ð4Þ
Denote by Vcð12sþ iÞ the set of all c-vertices of Gð12sþ iÞ: If V n is a subset
of Vcð12sþ iÞ; then, by (4) and Lemma 4, we have
F ð12sþ i; 12sþ iþ 1Þ5
X
v2V n
ðm indðvÞÞ
5
X
v2V n
ðð12sþ i 2Þ  indðvÞÞ: ð5Þ
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jVaðsÞj  7 vertices from VaðsÞ: By (5), using Lemma 5, where t ¼ 7; V n ¼
V ð7Þ; m ¼ 12sþ i 2; we have
F ð12sþ i; 12sþ iþ 1Þ5ð12sþ i 2Þð2ð2s 1Þ  7Þ
 3ð2s 1Þð3sþ 1Þ þ 7ð3sþ 2Þ ¼ LiðsÞ ¼ 30s2 þ oðs2Þ:
For i ¼ 9; s54; by Claim 1, the set Vcð12sþ 9Þ contains at least jVabðsÞj 
6 vertices from VabðsÞ: By (5), using Lemma 7, where t ¼ 6; V n ¼ V ð6Þ; m ¼
12sþ 7; we have
F ð12sþ 9; 12sþ 10Þ5ð12sþ 7Þðð2s 1Þ  6Þ  ð9s2  2Þ
þ 6ð3sþ 4Þ ¼ L9ðsÞ ¼ 15s2 þ oðs2Þ:
For i 2 f10; 11; . . . ; 14g; s54; by Claim 1, the set Vcð12sþ iÞ contains at
least jVbðsÞj  4 vertices from VbðsÞ: By (5), using Lemma 6, where t ¼
4; V n ¼ V ð4Þ; m ¼ 12sþ i 2; we have
F ð12sþ i; 12sþ iþ 1Þ5ð12sþ i 2Þð4s 4Þ 3sð6sþ 5Þ þ 4ð3sþ 4Þ ¼ Li
ðsÞ ¼ 30s2 þ oðs2Þ:
For i ¼ 15; s54; by Claim 1, the set Vcð12sþ 15Þ contains all the 2s
vertices of VbaðsÞ: By (5), using Claim 2, we obtain
F ð12sþ 15; 12ðsþ 1Þ þ 4Þ5
X
v2VbaðsÞ
ðð12sþ 13Þ  indðvÞÞ
¼ ð12sþ 13Þ2s 9sðsþ 1Þ
¼ L15ðsÞ ¼ 15s2 þ oðs2Þ:
Now we derive an upper bound UiðsÞ on F ð12sþ iÞ: The embedding
cð12sþ iÞ of K12sþi is a cellular embedding such that every face has
boundary of length no less than 3. Hence,
F ð12sþ iÞ4ð12sþ iÞð12sþ i 1Þ=3 ¼ UiðsÞ ¼ 48s2 þ oðs2Þ:
Put FjðsÞ ¼ L12þjðs 1Þ=U12þjðs 1Þ for j ¼ 0; 1; . . . ; 3 and FjðsÞ ¼ LjðsÞ=Uj
ðsÞ for j ¼ 4; 5; . . . ; 11: This completes the proof of the theorem. ]
Remark 1. As s approaches inﬁnity, almost all vertices of Gð12sþ iÞ are
vertices from VaðsÞ or VbðsÞ; and, hence, Claim 1 gives almost all c-vertices of
Gð12sþ iÞ: Each transit vertex of Gð12sþ iÞ can induce no more than 12sþ i
common faces of cð12sþ iÞ and cð12sþ iþ 1Þ: Moreover, cð12sþ iÞ has at
most two nontriangular faces: there may be either two quadrangles or
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lim
s!1
f ð12sþ j; 12sþ jþ 1Þ
f ð12sþ jÞ
 FjðsÞ
 
¼ 0
for j ¼ 0; 1; . . . ; 11:
Remark 2. It is easy to see that limn!1ð
F ðnþ1Þ
F ðnÞ Þ ¼ 1: Hence, as n
approaches inﬁnity, for nc3; 9 mod 12 (resp. n  3; 9 mod 12) no less than
5=8 (resp. 5=16) of all faces of cðnþ 1Þ are faces from cðnÞ:
APPENDIX A
Here we show how the embedding f ð12sþ 9Þ can be modiﬁed into cð12
sþ 9Þ; s51; a triangular embedding of K12sþ9:
The current graph Gð12sþ 9Þ shown in Fig. 13 for s52 and Fig. 26, for
s ¼ 1; has exactly one vortex, and the current 2 of order 6sþ 4 ﬂows out of
the vortex. The current graph generates a cellular embedding f ð12sþ 9Þ of
K12sþ8 such that two faces F0 and F1 of the embedding are ð6sþ 4Þ-gonal and
all the remaining faces are triangular. The face F0 is incident to all 6sþ 4
even vertices 0; 2; . . . ; 12sþ 6 of K12sþ8: The face F1 is incident to all 6sþ 4
odd vertices 1; 3; . . . ; 12sþ 7 of K12sþ8: The cycle of vertices giving the closed
walk bounding the face Fj ðj ¼ 0; 1Þ is
j; j 2; j 4; . . . ; j 2ð6sþ 4Þ ¼ j
where j is considered to be an element of Z12sþ8:
We distinguish two cases.
Case s52: The current graph Gð12sþ 9Þ has the fragment shown in Fig.
20, indicating how the circuit traverses some arcs of the fragment. It is seen
that the log of the circuit is
: . . . ; 2;2; . . . ;ð6s 3Þ;ð6s 1Þ; . . .
Hence, in the derived embedding the faces incident with an arbitrary odd
vertex v of K12sþ8 are arranged as shown in Fig. 21.
Now we describe the sequence (M1–M3) of modiﬁcations of the
embedding of K12sþ8 that yield a triangular nonorientable embedding of
K12sþ9:
(M1) Insert new vertices x0 and x1 in the faces F0 and F1; respectively.
Then carry out the modiﬁcation shown in Fig. 22 where the vertices x0 and
x1 are identiﬁed to produce the new vertex x (in this ﬁgure some of the edges
are depicted by wavy lines). As a result, we obtain an embedding of the
FIG. 21.
FIG. 22.
MAP COLOR THEOREM 249graph K12sþ9 with vertex set f0; 1; . . . ; 12sþ 7; xg; with an extra edge
ð0; 6s 3Þ and without the edge ð0; 2Þ:
Now our goal is, with help of appropriate modiﬁcations, to gain the
missing edge ð0; 2Þ:
(M2) The fragment in Fig. 20 contains two adjacent vertices shown in Fig.
23(a). These vertices induce the pair of adjacent faces shown in Fig. 23(b). A
diagonal ﬂip in this pair of adjacent faces replaces the edge ð0; 6s 3Þ
depicted as a solid line by the edge ð4;2Þ depicted as a dashed line. As a
result, we have lost an edge ð0; 6s 3Þ and gained an extra edge ð4;2Þ:
For every vertex w 2 f4; 8; . . . ; 12sþ 4g of K12sþ9 deﬁne a modiﬁcation
T ðwÞ consisting of the following three diagonal ﬂips. Start with the two
diagonal ﬂips shown in Fig. 24, followed by the diagonal ﬂip in the pair of
adjacent faces shown in Fig. 25(a); this pair is induced by the two adjacent
vertices in Fig. 20 which also appear in Fig. 25(b). As a result of the
modiﬁcation T ðwÞ; we lose the edge ðw;wþ 2Þ and gain a new edge
ðw 12;w 10Þ: It is worth noting that since distinct vertices w1;w2 2
f4; 8; . . . ; 12sþ 4g are not neighboring vertices on the boundary of the face
F0; we can always carry out T ðw2Þ after completing T ðw1Þ:
FIG. 23.
FIG. 24.
FIG. 25.
VLADIMIR P. KORZHIK250(M3) Consider the following sequence of 2sþ 1 modiﬁcations of the form
T ðwÞ:
T ð4Þ; T ð4 12Þ; T ð4 12  2Þ; . . . ; T ð4 12  2sÞ:
FIG. 26.
FIG. 27.
MAP COLOR THEOREM 251Since 4 12ð2sþ 1Þ ¼ 2ð12sþ 8Þ  0 mod ð12sþ 8Þ; as a result of these
2sþ 1 modiﬁcations we have lost an extra edge ð4;2Þ and gained the
missing edge ð0; 2Þ:
Hence, we have obtained a triangular nonorientable embedding of
K12sþ9; s52:
Case s ¼ 1: We explain this case brieﬂy; the reader (acquainted with the
case s52) can easily ﬁll in the gaps. The current graph Gð21Þ is shown in Fig.
26, indicating how the circuit traverses some of the arcs. The log of the
circuit is
. . . ; 2;2; . . . ;7;5; . . .
Thus, in the derived embedding the faces incident with an arbitrary odd
vertex v of K20 are arranged as shown in Fig. 27.
Now we describe modiﬁcations of f ð21Þ that lead to cð21Þ: Insert new
vertices x0 and x1 in the faces F0 and F1; respectively. Then continue with the
modiﬁcation shown in Fig. 28. As a result, we have lost the edge ð18; 0Þ and
gained an extra edge ð0; 3Þ: Next, apply the sequence of diagonal ﬂips shown
in Fig. 29 from the left to the right. This way we have lost an extra edge ð0; 3Þ
FIG. 28.
FIG. 29.
VLADIMIR P. KORZHIK252and gained the missing edge ð18; 0Þ; which gives a triangular nonorientable
embedding of K21: The reader can easily ﬁnd the pairs of adjacent vertices of
Gð21Þ which induce the pairs of adjacent faces shown in Fig. 29.
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